Let G be a simple graph with n vertices and m edges and G c be its complement. Let δ(G) = δ and (G) = be the minimum degree and the maximum degree of vertices of G, respectively. In this paper, we present a sharp upper bound for the Laplacian spectral radius as follows:
Introduction
Let G = (V , E) be a simple undirected graph with n vertices and m edges. The complement G c of the graph G is the graph with the same vertex set as G, where any two distinct vertices are adjacent if and only if they are nonadjacent in G. For v ∈ V , the degree of v, written by d (v) , is the number of edges incident with v. Let δ(G) = δ and (G) = be the minimum degree and the maximum degree of vertices of G, respectively. Let u, v ∈ V (possibly u = v). A u − v walk of G is a finite alternating sequence u 0 (= u)e 1 u 1 e 2 · · · u k−1 e k u k (= v) of vertices and edges such that e i = u i−1 u i for i = 1, 2, . . . , k. The number k is called the length of the walk. Moreover, we will use the symbols u adj v and u nadj v to denote u and v are adjacent or not adjacent, respectively.
Let A(G) be the adjacency matrix of G and
is a real symmetric matrix. From this fact and Geršgorin's Theorem, it follows that its eigenvalues are nonnegative real numbers. The largest eigenvalue of a matrix M is denoted by λ 1 (M), while for a graph G, we will use λ 1 (G) to denote λ 1 (L(G)) and call it the Laplacian spectral radius of G. Recently, some upper bounds for λ 1 (G) were given by Anderson and Morley [1] , Li and Zhang [4, 5] , Merris [7] and Rojo et al. [10] . In [3] , Li and Pan prove the following result:
In [11] , Shu et al. prove a sharp upper bound as follows:
where G is a simple connected graph with n vertices, and
Here, we first give a new sharp upper bound on the Laplacian spectral radius of a simple graph with n vertices, m edges, minimum degree δ, and maximum degree .
In [8] , Nordhaus and Gaddum first considered the sum of the chromatic number of graph G and its complement G c . In [9] , Nosal gave a sharp lower bound and an upper bound of the spectral radius ρ(G) of adjacency matrix A(G) of the Nordhaus-Gaddum type. For a graph G with n vertices, she showed that
In [6] , Li proved that
In Section 2, we give an upper bound for the Laplacian spectral radius of the Nordhaus-Gaddum type.
Lemmas and results

Let G be a graph with the degree diagonal matrix D(G) and adjacency matrix A(G). Denote Q(G) = D(G) + A(G).
Lemma 1 [12] . Let G be a graph. Then
Moreover, if G is connected, then the equality holds if and only if G is a bipartite graph.
Lemma 2 [2] . Let B be a real symmetric n × n matrix, and let λ be an eigenvalue of B with an eigenvector x all of whose entries are nonnegative. Denote the ith row sum of B by s i (B). Then 
Lemma 3.
Let G be an n-vertex graph, Q = Q(G) and P any polynomial. Then
Proof. Note that Q(G) is a nonnegative matrix. By the well-known Perron-Frobenius theorem, Q(G) has an eigenvector x with all entries positive for λ 1 (Q). Since P (Q) has x as an eigenvector for the eigenvalue P (λ 1 (Q)), the lemma holds by applying Lemma 2. 
Moreover, if G is connected, then the equality holds if and only if G is a regular bipartite graph.
Proof. We first show that
Hence, for every v ∈ V (G), we have
By Lemma 3,
Solving the quadratic inequality, we obtain
By Lemma 1, we have that
In order for the equality to hold, all inequalities in the above argument should be equalities. By Lemma 1, we first have that G is a connected bipartite graph. On the other hand, from ( * ), we have that d(v) = for all v ∈ V (G). Hence, G is a connected regular bipartite graph.
Conversely, let G be a connected regular bipartite graph with degree . Then λ 1 (G) = λ 1 (Q) and
and
Remark 1. From Theorem 4, we easily have
Remark 2. The bounds (1)- (3) are incomparable. However we can give some graphs to show that the upper bound (3) is better than (1) and (2) in some cases. For example, it is easy to check that the upper bound (3) is better than (1) when G = K 1,n with n 3 or G is a graph obtained by adding a chord in a cycle of length at least 4 and the upper bound (3) is better than (2) when G is a path with at least 5 vertices.
Theorem 5. Let G be a simple graph with n vertices and m edges. Let δ and be the minimum degree and the maximum degree of G, respectively. Then
Thus
, it is easy to check that df dm 0 if and only if
This completes the proof of Theorem 5.
Remark 3. First, it can be seen the bound in (4) is always at least 2(n − 1). Next, from the well-known inequality λ 1 (G) 2 , one immediately gets the simplest Nordhaus-Gaddum bound
The bounds (4) and (5) are incomparable: for example, when δ = / = n−1 2 , then the upper bound (5) is 2(n − 1) and better than (4); however, when + δ n − 1 3δ − or 3δ − n − 1 + δ, then the upper bound (4) is better than (5).
